A new model for the interaction between the acoustic wave in an enclosed air cavity and the transversal motion of a flexible beam is proposed in this paper. This new boundary condition for the coupled wave and Euler-Bernoulli beam equations introduces sufficient damping of the energy of the system to gain uniform exponential stability. Careful physical justification of the boundary condition is based upon well-established theoretical results in acoustics. The estimate of the energy decay rate is obtained using a multiplier technique.
controls are formulated as Dirichlet or Neumann boundary controls which remain as mathematical abstractions yet to be physically realized. In [2] , instead, the boundary control is achieved and verified in physical experiments by a piezoceramic actuator which controls the vibration of the flexible boundary. For this reason, the model proposed in [2] has attracted the attention of many mathematical control scientists. Many important questions about the model in [2] still need careful consideration.
In particular, the issues of uniform exponential stability of the homogeneous model equation and stabilizability of the control system need to be addressed.
The stabilizability as well as the detectability of a linear control system are not only useful for establishing the existence and the uniqueness of the optimal feedback control for linear quadratic regulator problems (see for example, [8] , [6] , [15] ), they are also needed to ensure the robustness of optimal control laws. In many cases, the uniform exponential stability of the homogeneous model equation allows us to establish stabilizability and detectability for different forms of input and observation operators. Numerical experimental results as well as theoretical results for similar equations suggest that the model in [2] does not have this desired stability.
In this paper, we propose an alternative model for the interaction between the acoustic field and the flexible structure. In particular, we replace the condition of continuity of normal velocity at the boundary of the acoustic cavity by a boundary condition that allows a difference between the normal velocity of the acoustic wave and the transversal velocity of the flexible beam. As in [2], we pay careful attention to the physical interpretation of the model and provide a justification based on well-established acoustics theory (see [18] and [16] ). To establish the desired stability result for our model, we use the multiplier technique, which has already been used successfully in establishing exponential decay rates for wave equations with boundary feedback damping (see [7] and [12] ). By applying this method we show that the solutions of the model equations for a rectangular acoustic cavity with two sides bounded by flexible beams are uniformly exponentially stable. Our results can easily be generalized to a polygonal air cavity with a subset of its edges bounded by flexible beams that satisfy appropriate geometric conditions similar to those assumed in [7] and [12] . It should be noted that the application of the multiplier method in establishing the decay rate of the solutions of the wave equation is a delicate matter when the boundary of the domain is not C1 and mixed boundary conditions are imposed on different subsets of the boundary (see [10] ). To address similar issues, we use a new approach based on smooth approximations of the solution to the model equations to establish the necessary estimates.
We have recently discovered that the exponential stability results for more general geometry similar to the results presented here are proved independently by Avalos ([1]) using different techniques; however, when the part of the boundary of the acoustic cavity corresponding to flexible structure has a shape other than a piecewise straight line, we are unable to determine the physical interpretation of such models. On the other hand, our results can be readily generalized to the cases where the shape of the acoustic cavity is other polygons.
The outline of this paper is as follows. In Sec. 2 we describe the physical interpretation of the model equations. In particular, we discuss the theoretical basis for the new boundary conditions that model the acoustic-structure interaction. In Sees. 3 and 4, we use a variational formulation to establish the well-posedness and regularity of the solutions of the model equations. Section 5 is devoted to the discussions of the decay rate estimate of the solutions of the model equations. We offer our concluding remarks in Sec. 6.
Physical model for boundary interaction.
In this section, we present arguments to justify our proposed model for the interaction between acoustic waves in an enclosed two-dimensional air cavity and a vibrating flexible beam that forms a portion of the boundary of the air cavity. Even though we are not acoustic scientists, our justifications for the model are based upon widely accepted and commonly cited physical assumptions.
We show that our model for acoustic and structure interactions is consistent with the classical acoustic theory. Moreover, we show that the solutions of the system are uniformly exponentially stable, a characteristic that is highly desirable in modeling and control of acoustic-structure interactions.
Our model for the most part is similar to the model in [2], The main difference between the two models is that in our model the condition of continuity of normal velocity at the interface between the air cavity and the beam is replaced by a boundary condition that allows a difference in velocity proportional to the difference in pressure on the two sides of the beam. In the classical acoustic theory, this difference in velocities can arise when the solid structure is made of porous materials (totally or in part); see [18, p. 142] , In that case, air can flow through the pores and thereby make the average velocity of the air on either side of the beam different from the velocity of the beam. In this section, we will show how this physical explanation will lead to our proposed boundary condition.
2.1. Basic model for the acoustic waves and the flexible beam. In describing the interaction between the acoustic wave and the flexible beam, the velocity field k of the air mass as well as the air pressure variation in the acoustic cavity are important quantities to model. In the classical acoustic theory, by assuming the air flow is irrotational, i.e., the velocity field K(t,x,y) = (i/(t, x,y),n(t,x, y)) satisfies The function / represents the total external loading (force per unit length) on the beam. One can consider this term as the total pressure normalized to the width of the beam. From now on, we will use this notion of pressure in the subsequent discussions.
2.2. Model of the acoustic-structure interaction.
The interaction between the acoustic field and the flexible beam is characterized by two equations: the force balance equation and the velocity equation.
The force balance equation states that the total external loading on the beam is equal to the difference in air pressure on the two sides of the beam. The velocity equation establishes a relationship between the air velocity at the boundary of the acoustic cavity and the velocity of the beam. In the discussion of these two equations, it is important to define the positive direction of the transversal displacement of the beam. We consider the simple case depicted in Fig. 2 .1 for our discussion here. The positive direction of the transversal beam deformation is the direction of the y-axis. As a result, the total external loading on the beam is given by
where ^bottom and ptop are the pressure field on the bottom side of the beam and the pressure field in the acoustic cavity, respectively. As we have shown in the previous section ptop{t, £,0) = -pdt<t>(t,x, 0). When we consider the dynamical system that consists of the acoustic field and the flexible beam, we first consider the homogeneous system and its stability. As a result, the dynamics of the flexible beam are given by Pbd^u(t,x) = -dlM(t,x) + pdt<p(t,x, 0).
In the usual model of acoustic-structure interaction, it is assumed that the normal components of the fluid velocity on opposite sides of the beam are equal to the transversal velocity of the beam. However, when the beam is made of the porous materials, air flow through the beam can affect the average velocity of the air, and thus the velocity of the beam may be different from the average air velocity on either side of the beam. This difference in velocities gives rise to a frictional force which can be expressed in terms of flow resistance. This quantity is the pressure drop required to force a unit flow through the force. In other words, the difference in the air pressure on both sides of the beam is proportional to the difference between the average air velocity and the velocity of the beam, and the constant of proportionality, R, is a measure of flow resistance, similar to the Ohm's law of electric resistance (see [18, p. 146 
When the homogeneous system of the acoustic cavity and the flexible beam is considered, the external forcing term ^bottom is equal to zero. As a result, we obtain dy<p(t, x, 0) -dtu(t, x) = adt4>(t, x, 0), (2.4)
for a positive constant a. The interaction between the acoustic waves and the flexible beam is completely characterized by Eqs. (2.3) and (2.4). Naturally, when the orientation and the position of the beam are different, appropriate modifications should be made in these equations. We emphasize that the presented justification of the model for acoustic wave and structure interaction may only be appropriate in some special cases where the use of porous materials can be justified. Moreover, in cases where the physical explanation is reasonable, Eqs. (2.3) and (2.4) may provide only a crude approximation to the complex fluid-structure interactions in the physical system. Since it is widely believed in engineering practice that the coupled acoustic structure system is exponentially stable, and the proposed model has the desirable asymptotic properties, alternative physical justification for the above model is the focus of our on-going consultation with experts in acoustic physics. In the remainder of this paper we will show that the solutions of the model equations using (2.3) and (2.4) are uniformly exponentially stable.
3. Well-posedness of the model equations.
Based on the discussions in the previous section, we consider the model for the dynamical system consisting of an acoustic cavity interacting with two flexible beams as depicted in Fig. 3 .1. The particular geometry of the system is chosen so that the "star-shape" conditions (see [7] , [12] ) commonly required in the proof of uniform exponential stability are satisfied. Using Newtonian principles of the motion, the system is modeled by the following systems of partial differential equations: d?<f>(t,x,y) = dl<j>{t,x,y) + d%cp(t,x,y), (x,y) € (0,1) x (0,1) = ft, (3.1)
dfu2(t,y) = -dy(Eu2(t,y)+ Cdtu2(t,y))+ dt4>(t,0,y), y € (0,1),
where <p is the velocity potential function for the acoustic cavity as discussed in the previous section and u\, u2 are the transversal displacements of the beams numbered 1 and 2, respectively. Following the discussion in the previous section, the velocity transmission at the interface between the acoustic cavity and the beams is modeled by dy<j>(t,x,0) = dtui(t,x) + adt4>(t,x,0),
The coefficient a represents the velocity loss factor. We note that if a = 0, Eqs. (3.4) and (3.5) correspond to the continuity of the velocity at the boundaries. In this paper we consider the case of a > 0. Additional boundary conditions are given by <t>(t,x, 1) = <t>(t, 1,2/) = 0, 1,2/e (0,1), (3.6) u\(t, x) = dxui(t, x) = 0, z = 0,l, (3.7)
u2(t,y) = dyu2(t,y) = 0, y = 0,1. (3.8)
The results in this paper will still be valid if the boundary condition in (3.6) is changed to the homogeneous Neumann boundary, although minor changes in the norms of the functional spaces may be required.
In this section, we shall establish the well-posedness of the above model equations, that is, the existence and the uniqueness of the solutions of these equations for a given set of initial values. Our approach is based on a variational formulation of the above dynamical system and the theory of the semigroups of bounded linear operators in Hilbert spaces (see for example, [22] , [20] , [11] , [4], [17] ). The proposed variational formulation will also be useful in the discussion of the regularity of the solutions in Sec. 4.
The motivation for the proposed variational formulation is by the following observations. Suppose that and u2 form a classical solution of the model equations (3.1)-(3.8), i.e., these functions are continuously differentiable up to all necessary order and Eqs. (3.1)-(3.8) are satisfied. We can define additional components of the solutions by 0(t,x,y) = dt<t>(t,x,y), vx(t, x) = dtux(t, x), v2(t,y) = dtu2(t,y). We define a function X(t) by M*) = [ {^4>{t,x,y) ■ V4>{x,y) +0(t,x,y)6(x,y))dxdy
where V is the gradient operator in the variables x and y. Through the use of integration by parts and the boundary conditions of the functions defined above, it is easy to establish the following equality: Using these definitions, it is not difficult to see that AO) = {((p(t),0(t),u1(t),v1(t),u2(t),v2(t)), {4>,0,ui,vi,u2,v2))n, where the classical solution ((f>(t),9(t),ui(t),vi(t),u2{t),v2{t)) is considered as an Hvalued function of t. Moreover, a classical solution of the model equation also satisfieŝ ((<f>(t),6(t),Ui(t),Vi(t),U2(t),V2(t)), {&,0,Ui,Vi,U2,V2))h = cr((0(£), 0(t), Ui(t),V1(t), U2(t),V2{t)), (4>, 9, Ul,Vl,U2,V2)), for all (tf>,0,ui,vi,u2,v2) e V. As a result, any 7i-valued function satisfying (3.11) for all ( (t>,9,ui,vi,u2,v2) G V is called a weak solution of the model equations (3.1)-(3.6). In the remainder of this section, we shall show that Eq. (3.11) has a unique solution for any given initial value in Ti.
We first define an unbounded linear operator A: T)(A) C 'H i-> Tl as follows: where {<^,9,u\,vi,u2,v2) satisfies (r{(<f>,0,Ui,Vi,U2,V2), (<t>,9,Ui,Vi,U2,V2)) = ((4>,9,Ui,Vi,U2,V2), {4>,9,Ui,V1,U2,V2))?i, for all (4>,0,ui,vi,u2,v2) € V.
The main result of this section is the following theorem.
Theorem 3.1. The operator A is the infinitesimal generator of a Co-semigroup of contractions denoted by eAt in H and for any (<Ao,$o,"i,o,"i,o>"2,0,^2,0) G ^ (-4), the function (<j>(t),9(t),u 1 (t),v 1 (t), u2(t), v2(t)) = eAt((j)0,0O, "l.o, "1,0, "2,o, "2,0) is the unique weak solution of (3.11) with initial value (<Ao, $o, "1,0, ^1,0, W2,o> ^2,0)-The proof of the above theorem is based on the Lumer-Phillips theorem. The verification of the conditions in the Lumer-Phillips theorem is established through the following series of technical lemmas.
Lemma 3.1. The operator A is dissipative in 7i.
Proof. Let (0,9, ux,V\, w2, "2) G T>{A). Then (A(<f>, 9, Ui,Vi,U2, v2), (</>, 9, ui,vi,u2,v2))n = cr((0,9, "1, vi, u2, v2), {(f), 9, ui,vi,u2, v2)) = ~la(9,9) -1b{vi,Vx) -1b(,V2,V2).
Since 7a and 75 are positive definite, we have Using the definition of the operator A, this implies a{(<t>,9,ui,vi,u2,v2), (0, 9,ui,vi,u2,v2)) = ((<£, 9, ui,vi,u2, v2) + A(<f>, 9, ui,vltu2, v2), {<t>, 0, ui, vx, u2, v2))n, for all ($,9,ui,vi,u2,i>2) € V. By taking 9 = 0 and i>i = V2 = 0, the above equality implies 4> + X(j) = 9, Ui+Xui=Vi, U2 + XU2=V2. is strongly differentiable and (<£(*)> Ht), ui(t),vi(t),u2{t), v2(t)) = A(4>(t), 9(t),ui(t),vi(t), u2(t), v2(t)).
Using the continuity of the W-inner product, we obtain that ui(t),v2{t)) is the unique weak solution of the model equations. is not necessarily a function in H2(tt). However, our regularity results in this section will show that <p(t, ■) has many useful properties of an H2(Cl) function. In the remainder of this section, we will focus our attention on the approximation of <j>{t, ■, •) with a sequence of H2({~1) functions in a special way in order to allow us to obtain the desired estimate despite the lack of regularity of the function 
Jn
It is easy to see that there exists a constant T such that for all t >T, E{t) < Q(t) < tE(t), where E(t) = \\{^{t),0{t),u1{t),vi{t),u2{t),v2{t))\\n.
In the remainder of this section, we will show that there exists a constant T" such that for all t > T", Q(t) < Q(T'). Therefore, for all t > max(T, T'), we have E(t) < Q(T') < T'E(T').
As a result, we have E{t) < -T'\\eAT • ||(<?!>o,^o,ui,0,^1,0,"2,o,^2,o)||«-Using the semigroup property of the semigroup eAt, we obtain the exponential decay given in inequality (5.1). In order to show that Q is bounded, we shall show that Q'(t) is nonpositive for all t > T' for some constant T". First, take (</>o,0o,wi,0,^1,0,^2,0,^2,0) e T>(A) and let (0(0,0(t), ui(t),vi(t),u2(t),v2(t)) = eAt(<j)0,0O, wi.o, vi.o, "2,0, v2,o)-
We consider the function Q(t). Using the differentiability of the function (</>(•), 0(-), wi(-), vi(-),u2(-),'i;2(-))) we obtain + t(A(<p(t),0(t), ui(t), vi(t),u2(t), v2(t)), (<j>(t), 0(t),ui(t),vi(t),u2(t),v2(t)))n + / dtu\(t,x)v\(t,x) dx + / u\(t, x)dtv\(t, x) dx J 0 Jo / dtu2(t,y)v2(t,y)dy + / u2(t, y)dtv2(t, y) dy Jo Jo / dt<p(t,x,y)0(t,x,y)dxdy + / 4>(t,x,y)dt0(t,x,y) dx dy Jn Ja + f [2{x -1 )dxcp(t, x, y) + 2(y -l)dy4>(t, x, y)\dt0(t, x, y) dx dy
Jo.
From the definition of the operator A, we have
Moreover, the following hold:
where Ik is the fcth integral in the above equality. It is easy to see that for t large enoughSummarizing the above observations, there exists a constant T such that for all t > T, holds.
Finally, we can state the main result of this paper.
Theorem 5.1. There exist constants M and lu > 0 such that for any vector (4>q, 6q, û 1,0,^2,0,^2,0) 6 the inequality (5.1) holds.
Proof. There exists a constant T such that for all t > T, \E{t) < Q(t), Q(t) < tE(t).
Moreover, in the case that the initial vector (0o, $o, wi,o, *>i,o, ^2,0, ^2,0) £ 2?(«4), Q(t) < Q(T). We obtain as a result 6. Conclusion. The results in our paper demonstrate that with a relatively minor change of the boundary condition from that used in [2], uniform exponential stability of the solutions of the model equations can be obtained. The proposed model is consistent with well-established theory in acoustics in the case where the flexible beam can be viewed as "porous". On the other hand, the explanation offered here is just one possible physical interpretation.
It would be interesting to see whether or not an alternative physical explanation which is appropriate in more general situations can be found. Using the model proposed here, the linear quadratic control problem stated in [2] is well-posed. However, as in the case of the wave equation, in order to establish the convergence of the approximation to the optimal feedback control operator, it is critical to find numerical approximation schemes that can preserve the uniform exponential stability of the infinitedimensional control system. As is shown in [4], many commonly used approximation schemes may not be suitable for the approximation of the optimal control problems.
